This article aims at designing an adaptive estimated inverse control scheme to realize precise tracking control for a class of discrete-time nonlinear system with hysteresis nonlinearities. To this end, firstly, the dynamic surface control technology with digital first-order low-pass filter is designed and the original control system does not need to be transformed into an unknown special form. Then, the procedures of the controller design are greatly simplified. Secondly, the hysteresis nonlinearity is mitigated by constructing an discrete-time estimated inverse hysteresis compensator. Finally, the validity of the proposed adaptive control scheme is verified by the computer control experiments on a hardware-in-the-loop simulation platform. It is proved that all the signals in the closed-loop system are semi-globally uniformly ultimately bounded (SUUB).
I. INTRODUCTION
In recent years, adaptive backstepping methods have been an increasingly popular choice of the controller design for some class of strict-feedback nonlinear systems, because it can eliminates the constraint of matching condition when dealing with the uncertainties in nonlinear systems [1] - [3] . With the development of intelligent control technologies where neural networks and fuzzy logic systems are generally utilized, the constraints in adaptive backstepping design are well eliminated, and the application of backstepping method is greatly promoted [4] - [7] . It should be noticed that all the above results studied the control of the continuous-time systems. Actually, control of discrete-time nonlinear systems are the common cases in real-world applications and it is more suitable for computer control, network control and other implementations of real-time control. To this end, lots of solid works on the control of nonlinear discrete-time systems have been done, especially the backstepping control [8] - [12] . In [8] , an adaptive output feedback discrete-time controller was developed where the control gains are unknown. In [9] , robust adaptive output feedback control is studied for a class of discrete-time nonlinear systems in output-feedback form The associate editor coordinating the review of this manuscript and approving it for publication was Jun Hu .
perturbed by a class of functional nonlinear uncertainties of Lipschitz type. In [10] , an adaptive neural network tracking control was studied for a class of multiple-input multipleoutput nonlinear systems where the dead-zone nonlinearities were considered. In [11] , a discrete-time adaptive position tracking control for a interior permanent magnet synchronous motor based on the fuzzy approximator was proposed. In [12] , based on the backstepping technique, an adaptive neural network (NN) based output feedback controller is proposed to achieve a desired tracking performance for a class of discrete-time nonlinear systems. However, the major control problem of the above discrete-time nonlinear systems is that the infeasible future information is needed in the virtual control signals when the backstepping method was employed. In order to avoid the influence of causality on the system, it is necessary to transform the system into a special form by coordinate transformation such as [8] - [10] .
At the same time, robust adaptive control of nonlinear systems with input hysteresis nonlinearity has attracted wide attention due to the wide application of smart material actuators. The obvious disadvantages of hysteresis nonlinearity are that it produces oscillation and reduces control accuracy [13] - [16] . Generally, there are two different ways to cope with the hysteresis nonlinearities. One is to construct the exact inverse of the hysteresis model [17] . However, the hysteresis characteristics of piezoelectric actuators are usually completely unknown, so it is almost impossible to establish an accurate inverse model. To overcome this drawback, the estimated hysteresis inverse control of hysteretic nonlinear systems is developed i.e., [17] - [21] . The other is to combined the robust adaptive control method with the hysteresis compensation term in the control signal [22] - [25] . It should be noted that the above results are mainly for continuous-time systems. The study for discrete-time nonlinear systems with hysteresis inputs are rare except for [26] - [28] , where the control goals are focus on the perfect tracking performance of piezoelectric positioning stage.
In this paper, an adaptive estimated inverse discrete-time control scheme is proposed for a class of hysteretic nonlinear system. The main contributions are summarized as follows.
• Compared with the existing precisely inverse continuous control scheme [17] , the control problem of discrete-time nonlinear hysteretic systems is overcome by designing the estimated hysteresis inverse compensator in discrete-time form. Then, hysteresis nonlinearities can be effectiveness mitigated without constructing precisely inverse compensator.
• By constructing the estimated hysteresis inverse compensator in discrete-time form, the hysteresis phenomena cascaded in control system is mitigated. Also, the hardware-in-the-loop simulation for the piezoelectric positioning stage is conducted to show the effectiveness of the proposed discrete-time controller.
• Compared with traditional backstepping discrete-time control scheme [8] - [10] , by introducing some digital first-order low-pass filters, the causal problem in original discrete-time control system can be avoided and the system are not required to be transformed into a unknown special form as that in backstepping control in discrete-time nonlinear systems. Then, the design procedures of the controller is greatly simplified. The rests of this paper are organized as follows. In Section II, the problem statement and preliminaries are introduced and the control purpose is formulated. In Section III, the design procedures of the estimated inverse controller by the adaptive dynamic surface discrete-time control algorithm is presented. Section IV gives the main theorem and stability analysis for the proposed scheme. Finally, the experimental verifications of the proposed discrete-time estimated inverse control scheme is implemented on the hardware-in-the-loop simulation platform.
II. PROBLEM STATEMENT AND PRELIMINARIES A. DESCRIPTION OF THE PLANT MODEL
We consider a class of discrete-time systems with hysteresis input as follows:
wherex i (k) = [x 1 (k), · · · , x i (k)] T ∈ R i is the state vector; g i are the unknown constants denoting the control gain; θ i ∈ R are the unknown system constants; f i (·) are the known smooth functions; d i (k), i = 1, · · · , n, denote the bounded external disturbances; ω(k) ∈ R represents the unknown hysteresis output in the piezoelectric positioning stage, satisfying
with P denoting the hysteresis operator which will be described below. In this paper, the hysteresis is described by the traditional Prandtl-Ishlinskii (PI) model, which is a well-known model to describe the hysteresis nonlinearities in piezoelectric positioning stage. The control goal of this paper is to design an adaptive controller for a class of discrete-time nonlinear hysteretic systems by constructing an estimated hysteresis inverse compensator in discrete-time form. Then, the discrete-time control signal which is suitable for the computer control and network control can make the output y(k) precisely track the reference signal y r (k) and all the signals of the closed-loop system are bounded.
To achieve the above mentioned objective, the following assumptions are necessary. A1. The reference signal y r (k) is smooth and bounded function, [y ri (k), y ri (k + 1), y ri (k + 2)] T belongs to a compact set r . A2. There exist some positive constants g min and g max such that g min ≤ g i ≤ g max , i = 1, · · · , n. Without loss of generality, g i are assumed to be positive constants. A3. The external disturbances satisfy d i (k) ≤d i withd i being positive constants. Remark 1: Since the reference signal y r (k) is always bounded and g i , i = 1, · · · , n are unknown positive constants, the assumptions A1 and A2 are reasonable [8] - [10] . Assumption A3 is a common assumption in all backstepping and DSC control schemes [17] .
B. HYSTERESIS MODEL IN PIEZOELECTRIC ACTUATORS AND ITS ESTIMATED INVERSE COMPENSATOR
In this paper, the PI model which is suitable for describing the hysteresis phenomena in piezoelectric positioning stage is employed and its corresponding inverse model is adopted to mitigate the effects of the hysteresis phenomenon. The PI model can be defined by the classical play operator. For an arbitrary piecewise monotonic input signal v in (k) ∈ [0, t E ], we define a key function f r : R → R as
where α ∈ R can be any value, r ≥ 0 is named the threshold. For any initial value ω −1 ∈ R, the play operator
such that the function is monotone (non-decreasing or nonincreasing) on each of the subintervals (t i , t i+1 ]. By using the above definitions in ( 3)-(5), the discrete-time PI model can be defined as follows [18] 
where p i are the weighting parameters of the ith hysteresis operator which are unknown, and satisfy p 0 > 0, p i ≥ 0, for i ≥ 1; r i are the ith dead zone threshold and satisfy r 0 = 0 and r i < r j , if i < j; is the number of hysteresis operators. For the compensation of the hysteresis nonlinearity, the inverse of the PI model is constructed as follows [18] 
We need to calculate the weightsp 0 andp 1 , · · · ,p¯ . In this case, the initial loading curve is defined as ϕ, and its derivative ϕ has the form [18] 
where we put r 0 = 0, r¯ +1 = ∞. It can be observed that in each interval [r j ,r j+1 ], j = 0, · · · ,¯ , the relationship of the initial loading curve of the inverse model and ϕ can be described as follows
From (9), we can get the relationships as follows
Thus, by applying the composition theorem to the P[·](k) andP −1 [·](k) defined as follows (11) with φ(r) = γ (r) • δ(r), γ (r) and δ(r) denoting the corresponding initial loading curves of the P[·](k) andP −1 [·](k), respectively. Considering (11) and the equality
where φ ( ) is a positive constant, the term
with D being a positive constant. Therefore, from (11) and (12), the analytical error e(k) expression can be obtained as follows:
Now, substitute (12) into (1), yields
III. ESTIMATED INVERSE CONTROLLER DESIGN
In this section, an adaptive dynamic surface control(DSC) method which inherits the merits of the backstepping method and overcome the "explosion of complexity" in backstepping method by introducing a first-order low-pass filter in each step of the controller design procedure. There are n steps in the design procedures because system (15) possesses n state variables.
Step 1: Let S 1 (k) be defined as
where y r (k) is the desired trajectory. Then,
where θ g1 = θ 1 /g 1 , φ 1 = 1/g 1 and x 2d (k) is the virtual control signal which is designed as
withθ g1 (k) andφ 1 (k) being the estimations of θ g1 and φ 1 , respectively. The updated laws ofθ g1 (k) andφ 1 (k) are designed aŝ
where γ g1 , γ φ1 , σ 1 , and η 1 are positive design parameters. Let x 2d (k) passes through a first-order low-pass filter as follows
with τ 2 being the time constant of the above low-pass filter. Then, a new variable z 2 (k) is obtained.
Step
then
where
is the virtual control signals which are designed as
whereθ gi (k) andφ i (k) are the estimations of θ gi and φ i , respectively. The updated laws ofθ gi (k) andφ i (k) are designed asθ
where γ gi , γ φi , σ i , and η i are positive design parameters. Let x i+1,d (k) pass through a first-order low-pass filter as follows
with τ i+1 being the time constants of the above low-pass filter. Then, the new variables z i+1 (k) are obtained.
Step n: Let S n (k) be defined as
then S n (k + 1) = x n (k + 1) − z n (k + 1)
where g = g n φ ( ). Let the control signal be of the following form
where β = 1/g ,β(k) is the estimation of β,ū(k) is the virtual control signal to be designed. Let
whereθ n (k) is the estimation of θ n , the updated law ofθ n (k) is designed aŝ
Givenū(k) above,β(k) is updated bŷ
IV. ANALYSIS OF STABILITY
In this section, the analysis of stability for the proposed discrete-time DSC scheme will be illustrated. Let the errors between the output and input of the first-order low-pass filters in (21) and (27) be defined as
where B i+1 , i = 2, · · · , n − 1 are continuous functions. Define the Lyapunov functions for each step as follows
Also, we define the Lyapunov function candidate
to achieve the analysis of stability. Now, based on the above definitions, we are ready to give the key results of this paper.
Theorem 1: We consider the discrete-time nonlinear system (1 ) with the hysteresis nonlinearity. Under the designed VOLUME 7, 2019 virtual control signals (18) , (24) If V (0) ≤ p, set up parameters such as τ i+1 , γ gi , γ φi , σ i , η i , i = 1, · · · , n − 1, γ θ , γ β , σ θ , and δ make all the signals in the control system are semi-globally uniformly ultimately bounded and the tracking error converges to a arbitrarily residual set by suitably selecting the above design parameters. Proof: From (36), the difference of the Lyapunov function can be derived as follows
Substituting (18) into (17) and using the Young's inequality, one has
Also, from the adaptive laws (19) and (20), the equalitieŝ
Substituting (44) into (43), one has
By the same line, we havẽ
(46) From (40), (45) and (46), (39) can be rewritten as
Similar to the procedures of obtaining (43), (45)-(47 ), one hasθ
Also, substituting (31) into (29) yields
where the D d = max(g n d b (k) + d n (k)). By using the designed adaptive laws (32)-(33), we havẽ
Then, from definition of V n (k) in (37), its difference is as follows
By using (47), (51), (55) and the definition of V (k) in (38), the difference of V (k) yields
with µ being a positive design parameter. Note that r × is also a compact set due to the definitions of compact sets r and in Theorem1. Therefore, |B i+1 | , i = 1, · · · , n−1, have the maximum values M i+1 on the compact r × . Considering (56) and (57) we have
where C * = 2
· · · , n − 1 and 2(1 + a n1 + c 1 ) always negative, and 1 − µ+1
n − 1 always positive by choosing the design parameters τ i+1 , γ gi , γ φi , σ i , η i , i = 1, · · · , n − 1, γ θ , γ β , σ θ , and δ, then, it follows that
and |S n (k)| > C * /(1 − 8g 2 max ( 1 g 2 min + a n−1,1 + b n−1,1 )), the inequality V (k) ≤ 0 holds, which implies that all the signals in the control system are semi-globally uniformly ultimately bounded. This completes the proof.
V. EXPERIMENTAL RESULTS
In this paper, the hardware-in-the-loop simulation platform is used to testify the effectiveness of the controller design. The experiment environment of the designed adaptive estimated inverse controller and the experimental system architecture are shown in fig. 1 and fig. 2 . The components include the following parts. • Adapter plate, it is used to realize the signal connection between the control side and the simulation side. At the same time, Bayonet Nut Connector(BNC) interface is equipped on the adapter plate, which can observe the waveform of each signal through the oscilloscope during the experiment.
• Host computer, Using the StarSim RCP software on the computer to download the simulation piezoelectric positioning stage system model and the Matlab control code into the RCP and RTS, respectively.
In the simulation experiment, the parameters weights p i and dead zone threshold r i of the PI model are selected as follows 
The estimated inverse compensation control scheme is designed as fig. 3 . In the fig. 4, (a) shows the PI model, (b) shows the estimated inverse of PI model, (c) shows the result of the inverse compensation, respectively, with u d (k t) = 2 sin (5k t), k t ∈ [0, 10]. We can see that the estimated inverse compensator can not eliminate the hysteresis completely, but has some compensation errors.
By using the proposed hysteresis estimated inverse compensator, the proposed control algorithms will be checked on the model of piezoelectric positioning stage which is operated in the hardware-in-the-loop simulation platform in Fig. 1 . The model of the piezoelectric positioning control system can be formulated as [25] , [26] 
where x(t) denotes the displacement of piezoelectric positioning stage, ω(t) is the output of the piezoelectric positioning stage, m denotes the mass of the piezoelectric positioning stage, µ 1 and µ 2 denote the coefficient of the viscous friction and stiffness factor of spring, respectively. According to the Euler method, (64) can be transformed into the discrete-time form as follows:
By applying the composition theorem, the (65) can be rewritten as follow
with t being sampling period and the value is 0.001, φ ( ), m, µ 1 , µ 2 being unknown system parameters. Based on Section III, the surface errors are S 1 (k) = x 1 (k)− y r (k) and S 2 (k) = x 2 (k) − z 2 (k). The updated laws arê θ g1 (k + 1) =θ g1 (k) + γ g1
respectively. The virtual control law are x 2d (k) = 1 t [−k 1 S 1 (k) − x 1 (k) + y r (k + 1)],ū(k) = −k 2 S 2 (k) +θ g1 (k)x 1 (k) +θ g2 (k)x 2 (k), and the final control law is u d (k) =β(k)ū(k). The first-order filter in Step 1 is τ 2 z 2 (k + 1) + (1 − τ 2 )z 2 (k) = x 2d (k), z 2 (0) = x 2d (0). The design parameter are chosen as k 1 = 0.075, k 2 = 20.05, γ g1 = 2.55, σ 1 = 0.0285, γ g2 = 2.55, σ 2 = 0.0285, γ g3 = 2.55, σ 3 = 0.0285, τ 2 = 0.005. The initial value of the system states are selected as x 1 (0) = x 2 (0) = 0.001. The initial value of the updated parameter are chosen aŝ θ g1 (0) =θ g2 (0) =φ(0) = 0. The control objective of this simulation is to make the output of the control system follows the desired trajectory y r (k) = sin(k t).
In order to verify the effectiveness of the proposed control scheme, the experiment is carried out in two different cases-with and without considering the effect of estimated inverse compensator. The experimental results are shown in Figs. 5-11, respectively. Fig. 5 and Fig. 6 show the tracking performance in the cases with and without using the designed hysteresis compensator. It is obvious that the case with compensator possesses more precise tracking performance compared with the case without the hysteresis compensator. Fig. 7 illustrates the trajectories of the tracking errors. To clearly show the effectiveness of the proposed discrete-time control scheme, we define the maximum value of steady-state tracking error as error max = max |y − y r | and the steadystate root-mean-square (RMS) tracking error as RMS = N k=k ss S 1 (k) / (N − k ss ), n = 30000, k ss = 10000. Then, the error max of the case with hysteresis inverse compensator is 0.052µm and the error max of the case without hysteresis inverse compensator is 0.131µm. Also, the RMS of the case with and without using the estimated inverse compensator is 0.014µm and 0.061µm, respectively. Therefore, it is obvious that the proposed estimated inverse compensator is a necessary part in the control of hysteresis. Fig. 8 shows trajectories of the control signals u d (k) in the cases with and without using the estimated inverse compensator. Figs. 9-11 are the trajectories of the estimated parametersθ g1 (k),θ g2 (k) andφ(k), respectively.
To further illustrate the effectiveness of the proposed control scheme, the multi-frequency reference signal y r (k) = 0.5 sin(k t)+cos(0.5k t) is tested. Then, the design parameter are chosen as k 1 = 0.025, k 2 = 55.05, γ g1 = 4, σ 1 = 0.004 , γ g2 = 4, σ 2 = 0.004, γ g3 = 4, σ 3 = 0.004, τ 2 = 0.001. The initial value of the system states are selected as x 1 (0) = x 2 (0) = 1. The initial value of the updated parameter are chosen asθ g1 (0) =θ g2 (0) =φ(0) = 0. Similarly, the experiment is carried out in two different cases-with and without considering the effect of estimated inverse compensator. The experimental results are shown in Figs. 12-18 , respectively. Fig. 12 and Fig. 13 are the trajectories of tracking performance in the cases with and without using estimated inverse compensator, respectively. Fig. 14 is the the trajectories of tracking errors, where the error max in the cases with and without hysteresis inverse compensator are error max = 0.03µm and error max = 0.134µm, respectively, and the RMS of the tracking errors are RMS = 0.043µm and RMS = 0.072µm, respectively. Fig. 15 is the trajectories of the control signals u d (k) in the cases with and without using the estimated inverse compensator. Figs. 16-18 are the trajectories of the estimated parametersθ g1 (k),θ g2 (k) andφ(k), respectively.
VI. CONCLUSION
In this paper, an adaptive dynamic surface estimated inverse control scheme is proposed for a class of discrete-time nonlinear systems with hysteresis nonlinearity input. The hysteresis loop of piezoelectric positioning stage is characterized by discrete-time PI model. First, by introducing some digital first-order low-pass filters, the control system are not need to be transformed into a unknown special form. Second, the hysteretic nonlinearity of piezoelectric positioning stage is effectively mitigated by designing a hysteresis estimated inverse compensator. Finally, the effectiveness of the proposed control scheme is verified via implementing the experiment on the hardware-in-the-loop simulation platform. Further works will focus on the design of adaptive output-feedback control scheme for discrete-time hysteretic nonlinear system.
